We show that the Kerr metric does not exist as a fully rotating black hole solution to the modified Hořava-Lifshitz (HL) gravity with Λ W = 0 and λ = 1 case. We perform it by showing that the Kerr metric does not satisfy full equations derived from the modified HL gravity.
INTRODUCTION
Hořava has proposed a renormalizable theory of modified gravity at a Lifshitz point [1, 2] , which may be regarded as a UV complete candidate for general relativity. At short distance of the UV scale, the Hořava-Lifshitz (HL) gravity describes interacting non-relativistic gravitons and is supposed to be power counting renormalizable in four dimensions. However, we would like to stress that it belongs to a Lorentz-violating gravity theory even though the Lorentz-symmetry is expected hopefully to be recovered in the IR limit.
On the other hand, its black hole solutions has been intensively investigated in [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
Concerning spherically symmetric solutions, Lü-Mei-Pope (LMP) have obtained the black hole solution with dynamical parameter λ [4] and topological black holes were found in [5] .
Its thermodynamics were studied in [10] , but there remain unclear issues in obtaining the ADM mass and entropy because their asymptotic spacetimes is Lifshitz [8] . On the other hand, Kehagias and Sfetsos (KS) have found the λ = 1 black hole solution in asymptotically flat spacetimes considering the modified HL gravity [9] . Its thermodynamics was investigated in Ref. [12, 17] . Park has obtained a λ = 1 black hole solution with ω and Λ W [14] .
It is very interesting to find a fully rotating black hole solution in the HL gravity since the HL gravity is being considered as a promising modified gravity which violates the Lorentzsymmetry. However, it is a formidable task to find a fully rotating solution because equations of motion to be solved are very complicated. Fortunately, slowly rotating black holes based on the KS [20] and LMP [21] solutions were found in the HL gravity. Here "slowly rotating black hole" means that one considers up to linear order of rotation parameter a = J/M in the metric functions, equations of motion, and thermodynamic quantities. This implies that the case of a ≪ 1 is valid for slowly rotating black hole. We mention that the slowly rotating Kerr black hole could be recovered from the slowly rotating KS black hole solutions in the limit of ω → ∞. In this case, the role of ω is neglected and thus, the HL gravity reduces to general relativity.
The above case is similar to the parity-violating Chern-Simons (CS) modified gravity [22] .
Since the parity-violation may imply the breaking of Lorentz symmetry, the CS modified gravity may belong to the Lorentz-violating theory. It is well known that the CS term could not yield the Kerr metric as a fully rotating black hole solution since the Pontryagin constraint * RR = 0 required by the Bianchi identity is not satisfied. Up to now, the slowly rotating Kerr black hole is known to be the only solution to the CS modified gravity [23] .
Recently, the Penrose process on rotational energy extraction of the black hole in the HL gravity was studied by considering that the Kerr solution is a truly rotating solution to the HL gravity [24] . This approach might be incorrect because the Kerr solution is not yet proved to be a fully rotating solution to the modified HL gravity.
In this work, we wish to show that the Kerr metric does not exist as a fully rotating solution to the modified HL gravity because Lorentz-violating higher order terms are present.
Our strategy is to prove the non-existence by plugging the Kerr metric directly to full equations derived from the modified HL gravity. In achieving the non-existence of the Kerr black hole, the order of rotation parameter a plays an important role in classifying full equations. This implies that three full equations are classified according to the order of a and then, we check whether or not each equation in a-order is satisfied. This approach is inspired by finding the slowly rotataing black hole.
HL GRAVITY
In this section, we review briefly the modified HL gravity including a soft-violation term.
The ADM formalism implies that the four-dimensional metric of general relativity is parameterized as
where the lapse N, shift N i , and three-dimensional space metric g ij are all functions of t and x i . The ADM decomposition of the Einstein-Hilbert action with a cosmological constant Λ is given by
where G is Newton's constant and extrinsic curvature K ij is defined by
Here a over-dot denotes a derivative with respect to t.
The action of the modified HL theory including a soft-violation term µ 4 R is given by
where λ , κ , µ , and W are constant parameters to represent the modified HL gravity and Λ W is a negative cosmological constant. Here, µ 4 can be expressed in terms of ω as
and C ij is the Cotton tensor defined by
Since we wish to find a non-spherical solution of the black hole, we have to know full equations of motion to the action (4), which are composed of three equations. The equation from variation of the lapse function N is given by
We will focus on this lapse equation (9) for testing the Kerr metric as the solution to the HL gravity. The variation δN i implies an equation
Equation of motion from variation of δg ij is complicated to be [4] 2
where
We note that in deriving these equations, we have relaxed both the projectability and detailed-balance conditions since the lapse function N depends on the spatial coordinate x i as well as the soft-violation term of µ 4 R is included.
Hereafter, we will focus on the case of Λ W = 0, λ = 1 and ω = 16µ 2 /κ 2 , providing asymptotically flat spacetimes. In this case, we may have the Minkowski background as vacuum solution with [9] 
KEHAGIAS-SFETSOS AND ITS SLOWLY ROTATING SOLUTIONS
In this section, we investigate how the KS and its slowly rotating black holes are derived in asymptotically flat spacetimes. First of all, we would like to find a static solution, the KS solution by considering a spherically symmetric line element
In this case, we find that K ij = 0 and C ij = 0. Equation for the lapse function N can be read as
This leads to the first-order equation for f as
The equation (11) 
The (rr)-component of the above equation becomes
which leads to
On the other hand, from (16) we have f ′ as
Substituting this into (19), we obtain
which implies
Hence, the KS solution to Eq. (16) is given by
In the limit of ω → ∞ (equivalently, the decoupling limit of higher curvature terms), it reduces to the Schwarzschild form of
Now we consider an axisymmetric metric for finding a slowly rotating KS black hole
Then, the extrinsic curvature tensor is found to be
where K rφ = K φr = 0 are linear order of a, but K = 0. We note here that all components of Cotton tensor still vanish (C ij = 0), since it is constructed from the metric g ij which does not include the rotation parameter a. This implies that if one wishes to find a fully rotating black hole, all higher order terms of a must be included. Using (26), Eq. (11) reduces to
which has a solution with two unknown constants
For later convenience, we choose the shift function to be
with C 1 = 0 and C 2 = 2M. In this case, one has the g tφ -component
Plugging these into Eq.(9) leads to
which takes the form
Here, we take the right-hand side to be zero effectively because it is second order of a. Then, the solution is given by the KS-type in Eq. (23).
Consequently, the slowly rotating KS black hole solution is given by
In the limit of ω → ∞, it leads to the slowly rotating Kerr black hole as
In this sense, we wish to clarify that the slowly rotating Kerr black hole is not the solution to the HL gravity but the Einstein gravity, on the contrary to Ref. [25] . (1) ij = 0 for spherically symmetric case and E
(1)
for slowly rotating case, which is effectively taken to be zero. E
(2) ij = 0 for both two cases. All other E (r) ij for r = 3, · · · , 6 remain unchanged, since they contain terms derived from g ij which does not carry a, and thus, C ij = 0 by rotation symmetry in three-dimensional Euclidean space.
KERR METRIC IS NOT A ROTATING SOLUTION TO THE HL GRAVITY
In this section, we wish to check explicitly whether or not the Kerr metric is a solution to the HL gravity. For this purpose, we introduce the Kerr line-element written in BoyerLindquist coordinates as
From this metric we identify the lapse N 2 , shift N φ and three-dimensional metric g ij with, respectively,
In the limit of a → 0, the Kerr spacetimes (35) reduces to the Schwarzschild spacetimes:
(34) with J = 0.
Using Eq.(35), the extrinsic curvature tensor is computed to be
with
The Ricci tensor takes the form
whose explicit form is given in Appendix A. The lowest order of R ij in a is
The Ricci scalar is given by
The Cotton tensor has
The explicit forms of F rφ , N rφ , D rφ , N θφ , and D θφ are given in Appendix B. The lowest-order term of C ij in a takes the form
The Kerr metric satisfies Eq. (11) with λ = 1 and Λ W = 0 because it does not contain any HL gravity parameters, as in the Einstein gravity.
However, the Kerr metric does not satisfy Eq. (9) since there exist higher-order curvature terms. In order to see it explicitly, we rewrite Eq. (9) as
We note that the first term is from the Einstein-Hilbert action and thus, it vanishes for the Kerr metric. The second term is zero when choosing c 2 = 1(µ 4 = 2/κ 2 ). The last two higher-order terms survive as
because R = 0, R ij = 0, C ij = 0, but C ij R ij = 0 for the Kerr solution. In order for (51) to be satisfied, each term should vanish because each term has different power of κ and W , being considered as independent parameters. Using κ 3 = 2 9/2 /ω, ω and W are also regarded as two independent parameters. The explicit form of R 2 , R 2 ij , and C 2 ij are given in Appendix C upto a 4 -order. Eq. (51) is split into according to the order of a
• a 0 -order:
• a 2 -order:
• a 4 -order: 
which shows clearly that the Kerr metric is not a solution to the modified HL gravity. Even at the zeroth order of a, the equation (52) is not satisfied, which means that the Schwarzschild metric is not the solution to the modified HL gravity even though it is the solution to the Einstein gravity. When all higher-order terms are turned off (κ → 0, ω → ∞), we find either the Kerr solution or Schwarzschild solution as in the Einstein gravity.
Lastly, we show that Eq. (12) is not satisfied by Kerr metric in the order-by-order of a.
The explicit form of E (k)
ij is shown in Appendix D. Eq. (12) can be split into
• a 0 -order, (rr) component:
• a 0 -order, (θθ) component:
• a 0 -order, (φφ) component:
• a 2 -order, (rr) component:
• a 2 -order, (rθ) component:
• a 2 -order, (rφ) component:
• a 2 -order, (θθ) component:
• a 2 -order, (θφ) component:
• a 2 -order, (φφ) component: 
As was noted previously, the higher-order terms violate the Lorentz symmetry. Hence, it is conjectured that the absence of Kerr solution is related closely to the violation of the Lorentz-symmetry in the HL gravity. In order to explore a connection between Kerr solution and Lorentz-symmetry, we introduce one known-example. It is well known that the CS modified gravity could not provide the Kerr metric as a fully rotating black hole solution since it cannot satisfy the Pontryagin constraint. The action for the CS modified gravity is given by
where ϑ is a CS parameter and thus, v µ = ∂ µ ϑ plays a role of the embedding vector. L m represents the matter whose energy-momentum tensor is T µν . The equation of motion CS modified gravity is given by
where C µν is the Cotton tensor defined as
Requiring the Bianchi identity and using the energy-momentum conservation, we have the condition
Considering the relation
the Pontryagin constraint
should be satisfied for any solution to the CS modified gravity. However, for the Kerr solution (35), one has ∇ µ C µν = 0, but P is not zero as
In the limit of a → 0, the Schwarzschild solution is recovered with P = 0. Therefore, for any finite a, the Pontryagin term is non-vanishing and thus, the Kerr spacetime cannot be a solution to the CS modified gravity equation.
DISCUSSIONS
We have shown that the Kerr metric is not a solution of the modified HL gravity with λ = 1 and Λ W = 0. This was performed by checking whether or not three equations are satisfied for the Kerr metric, according to the a-order. It is shown that the lapse equation (9) and the metric equation (12) are not satisfied for the Kerr metric (35) even at the zeroth order of rotating parameter a. This implies that the Schwarzschild metric is not a solution to the modified HL gravity because in the limit of a → 0, the Kerr metric reduces to the Schwarzschild metric. The dissatisfaction comes from the presence of higher-order curvature terms in the modified HL gravity, which may enable us to carry the power-counting renormalizability out.
The only allowable rotating solution to the modified HL gravity is the slowly rotating KS solution which includes the effect (ω) of higher-order curvature terms. We mention again that the slowly rotating Kerr metric is not the solution to the modified HL gravity but the Einstein gravity.
In conclusion, the absence of a fully rotating solution in the modified HL gravity provides another dark-side, in addition to the strong coupling issue because astrophysical black holes may be considered as the Kerr black hole [26] .
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Appendix A: Ricci tensor and scalar
We show the explicit form of R ij and R for the Kerr metric.
Ricci tensor is given by
where 
Ricci scalar is given by 
